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Abstract 

This is a survey of the book with Yinan Song. Donaldson-Thomas 
invariants DT"(t) £ Z 'count' r-(semi)stable coherent sheaves with Chern 
character a on a Calabi-Yau 3-fold X. They are unchanged under defor- 
mations of X. The conventional definition works only for classes a with 
no strictly r-semistable sheaves. Behrend showed that DT^^t) can be 
written as a weighted Euler characteristic x(-^st(''")i '^Ai°t(T)) of the sta- 
ble moduli scheme Mst{'^) by a constructible function i^^a we call the 
'Behrend function'. 

We discuss generalized Donaldson-Thomas invariants DT"{t) £ Q. 
These are defined for all classes a, and are equal to DT"{t) when it is 
defined. They are unchanged under deformations of X, and transform 
according to a known wall-crossing formula under change of stability con- 
dition T. We conjecture that they can be written in terms of integral BPS 
invariants DT"{t) £ Z when the stability condition r is 'generic'. 

We extend the theory to abelian categories mod-CQ// of representa- 
tions of a quiver Q with relations / coming from a superpotential W on 
Q, and connect our ideas with Szendroi's noncommutative Donaldson- 
Thomas invariants, and work by Reineke and others on invariants count- 
ing quiver representations. The book [16] has significant overlap with a 
recent, independent paper of Kontsevich and Soibelman ,18, . 

1 Introduction 

This is a survey of the book [IB] by the author and Yinan Song. Let X be 
a Calabi-Yau 3-fold over C, and Ox{^) a very ample line bundle on X. Our 
definition of Calabi-Yau 3-fold requires X to be projective, with H^{Ox) = 0. 
Write coh{X) for the abelian category of coherent sheaves on X, and K{X) for 
the numerical Grothendieck group of coh(X). Let r denote Gieseker stability of 
coherent sheaves w.r.t. Ox{^)- If is a coherent sheaf on X then [E] K{X) 
is in effect the Chern character ch(£:) of E in Q). 

For a G K{X) we can form the coarse moduli schemes 7W"g(r), A^"^(t) of 
r-(semi)stable sheaves E with \E\ — a. Then Al"g(T) is a projective C-scheme 
whose points correspond to S-equivalence classes of r-semistable sheaves, and 
Mstij) is an open subscheme of A^"g(r) whose points correspond to isomor- 
phism classes of r-stable sheaves. 

For Chern characters a with M'^si'^) — ■^st{'^)^ following Donaldson and 
Thomas [4, §3], Thomas [33] constructed a symmetric obstruction theory on 
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A^"^(t) and defined the Donaldson-Thomas invariant to be the virtual class 

an integer which 'counts' r-semistable sheaves in class a. Thomas' main re- 
sult [33l §3] is that DT°'{t) is unchanged under deformations of the underlying 
Calabi-Yau 3-fold X . Later, Behrend [Tj showed that Donaldson-Thomas in- 
variants can be written as a weighted Euler characteristic 

where !/_^q^(^-) is the Behrend Junction, a constructible function on A4"(.(r) de- 
pending only on M'^^{t) as a C-scheme. 

Conventional Donaldson-Thomas invariants DT°'{t) are only defined for 
classes a with A^"g(r) = M"^{t), that is, when there are no strictly r-semistable 
sheaves. Also, although DT'^{t) depends on the stability condition r, that is, 
on the choice of very ample line bundle Ox{i) on X, this dependence was not 
understood until now. The main goal of jT6l is to address these two issues. 

For a Calabi-Yau 3-fold X over C we will define generalized Donaldson- 
Thomas invariants DT"{t) e Q for all a £ K{X), which 'count' r-semistable 
sheaves in class a. These have the following important properties: 

• DT"{t) e Q is unchanged by deformations of the Calabi-Yau 3-fold X. 

• If A4"s(r) = A^"t(r) then DT°'{t) lies in Z and equals the conventional 
Donaldson-Thomas invariant DT"{t) defined by Thomas [33]. 

• If A^"s(r) ^ A^"j(r) then conventional Donaldson-Thomas invariants 
DT°'{t) are not defined for class a. Our generalized invariant DT"{t) 
may lie in Q because strictly semistable sheaves E make (complicated) Q- 
valued contributions to DT°'{t). For 'generic' r we have a conjecture that 
writes the DT°'{t) in terms of other, integer- valued invariants DT"{t). 

• If r, f are two stability conditions on coh(X), there is an explicit change 
of stability condition formula giving DT'^ir) in terms of the DT^{t). 

These invariants are a continuation of the author's programme [9Ul5j. 

We begin in Sj2]with some background material on constructible functions and 
stack functions on Artin stacks, taken from [SlllOj. Then summarizes ideas 
from [TTHT3] on Euler-characteristic type invariants J"(r) counting sheaves on 
Calabi-Yau 3-folds and their wall-crossing under change of stability condition, 
and facts on Donaldson-Thomas invariants from Thomas [33] and Behrend [1] . 

Section m summarizes [TH §5-§6], and is the heart of the paper. Let X be 
a Calabi-Yau 3- fold, and DJl the moduli stack of coherent sheaves on X. Write 
X : K{X) X K{X) Z for the Eulcr form of coh(X). We will explain that the 
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Behrend function v^i of dJl satisfies two important identities 



/ , v^i{F)<lx- , , i^m(F')dx 

7[A]eP(Exti(i52,-Ei)): 7[A']eP(Exti(£;i,£;2)): ^ ^ 

A <^ 0->Bi-)-F->-B2->-0 A' <t4. 0-i-£;2->--F'-i--Ei^0 

= (dimExt^(£;2,-Ei) - diniExt\£;i,£'2));^OT(-Ei ® E2). 

We use these to define a Lie algebra morphism I' : SF^JJ'^(S[Jl) — > i(^), where 
SF"J'^(9Jl) is a special Lie subalgebra of the Ringel-Hall algebra SFai(9Jl) of X, a 
large algebra with a universal construction, and i(^) is a much smaller explicit 
Lie algebra, the Q- vector space with basis A" for a e K{X)^ and Lie bracket 

[A",A^] = (-l)x(">'3)x(a,/3)A"+^- 

If T is Gieseker stability in coh(X) and a G K{X), we define an element 
e"(r) in SFa"'^(2t) which 'counts' T-semistable sheaves in class a in a special 
way. We define the generalized Donaldson-Thomas invariant DT"{t) G Q by 

^{€°'{t)) = ~DT°'{t)~X°'. 

By results in [14j . the e"(T) transform according to a universal transformation 
law in the Lie algebra SF!^'['^(9Jl) under change of stability condition. Applying 
^ shows that —DT°'{t)X°' transform according to the same law in L{X). This 
yields a wall-crossing formula for two stability conditions r, f on coh(X): 



i:»T"(f) = 

^ (-1)1^1- r, n; r, r) ■ \{^^^ DT'^^^ (r) 



E E 

iso. K,:I^C(X): connected, -, , . . , ____ \^/ 

cr-tc T conncctCQ 7 T 

^ digraphs T, edges • -i- • in T 

vertices I 

where V{I,T, k;t,t) G Q are combinatorial coefficients, and there are only 
finitely many nonzero terms. 

To prove that DT°'{t) is unchanged under deformations of X, we introduce 
auxiliary invariants PI°''^{t') G Z counting 'stable pairs' s : 0{—n) — > E, 
for n ^ and E G coh(X) r-semistable in class a G /'ir(X). The moduli 
space A^"j'p (r') of such stable pairs is a proper fine moduli C-scheme with a 
symmetric obstruction theory, so by the same proof as for Donaldson-Thomas 
invariants |33J, the virtual count P/"^"(r') of -Mstp ('''') deformation-invariant. 
By a wall-crossing proof similar to that for ([1]) we find that 

\^ (~^)' TTr/ -|\y(fOx(-n)]-ai a,_i,ai) 



ai,...,aiGCiX), ' i^l 
1^1: aiH \-ai—a, 



T{ai)—T{a), all i 



x{[Oxi~n)]~ai a,_i,a,)UT"'(T)]. 
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Using deformation-invariance of the PI°''"{t') and induction on rank a we find 
that DT°'{t) is deformation-invariant. 

Examples show that in general the IJT" (r) lie in Q rather than Z. So it is an 
interesting question whether we can rewrite the DT°' (r) in terms of some system 
of Z- valued invariants, just as Q- valued Gromov-Witten invariants of Calabi- 
Yau 3-folds are (conjecturally) written in terms of Z-valued Gopakumar-Vafa 
invariants [7]. We define new BPS invariants DT°'{t) for a G C{X) to satisfy 

and we conjecture that DT"{t) G Z for all a if the stability condition r is 
'generic'. Evidence for this conjecture is given in [TB} §6.1-§6.5 & §7.6]. 

Section [5] summarizes [ini §7], which develops an analogue of Donaldson- 
Thomas theory for representations of quivers with relations coming from a su- 
perpotential. This provides a kind of toy model for Donaldson-Thomas in- 
variants using only polynomials and finite-dimensional algebra, and is a source 
of many simple, explicit examples. Counting invariants for quivers with su- 
perpotential have been studied by Nakajima, Reineke, Szendroi and other au- 
thors for some years [51 [2iH?fl[^l30[l3^ . under the general name of 'noncom- 
mutative Donaldson-Thomas invariants'. Curiously, the invariants studied so 
far are the analogues of our pair invariants P/"'"(r'), and the analogues of 
DT"^ {t) , DT" (t) seem to have received no attention, although they appear to 
the author to be more fundamental. 

A recent paper by Kontsevich and Soibelman |18j . summarized in [19j . has 
considerable overlap with both [TSl and the already published [5Hl5). The two 
were completed largely independently, and the first versions of |16[|18j appeared 
on the arXiv within a few days of each other. Kontsevich and Soibelman are far 
more ambitious than us, working in triangulated categories rather than abelian 
categories, over general fields K rather than C, and with general motivic in- 
variants rather than the Euler characteristic. But for this reason, almost every 
major result in [18] depends explicitly or implicitly on conjectures. The author 
would like to acknowledge the contribution of [18] to the ideas on DT°'{t) and 
integrality in §4.41 below, and to the material on quivers with superpotential in 
^ The relationship between [16] and [18] is discussed in detail in [161 §1-6] • 

Acknowledgements. The author would like to thank Tom Bridgeland, Richard 
Thomas, Balazs Szendroi, and his co-author Yinan Song. This research was 
supported by EPSRC grant EP/D077990/1. 

2 Constructible functions and stack functions 

We begin with some background material on Artin stacks, constructible func- 
tions, and stack functions, drawn from [QlllOj. We restrict to the field K = C. 
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2.1 Artin stacks and constructible functions 

Artin stacks are a class of geometric spaces, generalizing schemes and algebraic 
spaces. For a good introduction to Artin stacks see Gomez [5], and for a thor- 
ough treatment see Laumon and Moret-Bailly [20^. We work throughout over 
the field C. We make the convention that all Artin stacks in this paper are lo- 
cally of finite type, with affine geometric stabilizers, that is, all stabilizer groups 
Isog^(a;) are affine algebraic C-groups, and substacks are locally closed. 

Artin C-stacks form a 2- category. That is, we have objects which are C-stacks 
5^,25, and also two kinds of morphisms, 1-morphisms (j),ip ■ "S ^ ^ between C- 
stacks, and 2-morphisms A : (p ^ -ip between 1-morphisms. 

Definition 2.1. Let ^ he a C-stack. Write g^(C) for the set of 2-isomorphism 
classes [x] of 1-morphisms x : Spec C -> 3^. Elements of ^{C) are called C-points 
oi ^. If (/) : ^5 — )■ © is a 1-morphism then composition with induces a map of 
sets 0* : 5(C) 0(C). 

For a 1-morphism x : SpecC — ^ ^, the stabilizer group lso:g{x) is the group 
of 2-morphisms A : x ^ x. When ^ is an Artin C-stack, Iso;j(a;) is an algebraic 
C-group, which we assume is affine. If (/> : ^ © is a 1-morphism, composition 
induces a morphism of C-groups : Iso5([x]) Isog ((/>»( [a;])), for [x] G S'(C). 

We discuss constructible functions on C-stacks, following [5]. 

Definition 2.2. Let ^ be an Artin C-stack. We call C C ^J(C) constructible 
if C = Ui6/'5^i(C), where {^i : « £ /} is a finite collection of finite type Artin 
C-substacks 'Si of S- We call S C S{C) locally constructible if 5 fl C is con- 
structible for all constructible C C S{C). A function / : S'(C) — ;> Q is called 
constructible if f{S{C)) is finite and f~^{c) is a constructible set in 5(C) for 
each c G /(5(C)) \ {0}. A function / : 5(C) — > Q is called locally constructible 
if / • <5c is constructible for all constructible C C 5(C), where Sc is the char- 
acteristic function of C. Write CF(5) and LCF(5) for the Q-vector spaces of 
Q-valued constructible and locally constructible functions on 5- 

Following [21 §4-§5] we define pushforwards and pullbacks of constructible 
functions along 1-morphisms. 

Definition 2.3. Let 5, 25 be Artin C-stacks and : 5 — > ® a representable 
1-morphism. For / G CF(5), define CF""'((/))/ : ©(C) -> Q by 

CF^*'^(0)/(2/) - X0,0,y SpecC,7r^;(/)) for y e ©(C), 

where 5 >^<i),@,y SpecC is a C-scheme (or algebraic space) as is representable, 
and x(- • • ) is the Euler characteristic of this C-scheme weighted by 7rJ(/). Then 
CF''*''(0) : CF(5) CF(©) is a Q-finear map called the .stack pushforward. 

Let 6* : 5 ^ © be a finite type 1-morphism. The pullback 6* : CF(©) — > 
CF(5) is given by 0*{f) = f o 6^. It is a Q-linear map. 

Here jSi §4-§5] are some properties of these. 
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Theorem 2.4. Let be Artin C-stacks and P : ^ (S, : & ~> ^ be 

1-morphisms. Then 

CF'^'^i-f o 13) = CF^"^(7) o CF^"^(/?) : CF(y) ^ CF(55), (2) 
(70/3)* =/3*o7* : CF(jo) ^CF(5), (3) 

supposing /3,7 representable in anrf of finite type in If 




is a Cartesian square with CF(€) 
?7, 4> representable and 
O^ip of finite type, then 



^ the following commutes: 

CF(5) 



CF=*''(r,) 



CF="'(</,) 



CF(©) 



CF(^). 



2.2 Stack functions 

Stack functions are a universal generalization of constructible functions intro- 
duced in [TOl §3]. Here [ini Def. 3.1] is the basic definition. 

Definition 2.5. Let 5 be an Artin C-stack. Consider pairs (IH, p), where is a 
finite type Artin C-stack and p : 9\ "S is a representable 1-morphism. We call 
two pairs p), (5H',/9') equivalent if there exists a l-isomorphism i : 5H' 
such that p' o L and p are 2-isomorphic 1-morphisms *H — > 3^. Write [(IH, p)] 
for the equivalence class of (IH, p). If {D\,p) is such a pair and 6 is a closed 
C-substack of D\ then (©, pje), (SH \ ©, /9|(K\e) are pairs of the same kind. 

Define SF(5') to be the Q- vector space generated by equivalence classes 
[{91, p)] as above, with for each closed C-substack 6 of a relation 

[im,p)] = [ie,p\e)] + m\e,pM]- (4) 

Elements of SF(^J) will be called stack functions. We relate CF(3') and SF(5'). 

Definition 2.6. Let 5 be an Artin C-stack and C C 5^(C) be constructible. 
Then C = UiLi 5^i(C), for . . . ,^H„ finite type C-substacks of 'S- Let pi : 
— > be the inclusion 1-morphism. Then [(*Hi,pi)] S SF(5^). Define Sc = 
Sr=i[(^«' /°«)] ^ SF(^J). We think of this as the analogue of the characteristic 
function Sc e CF{^) oi C. Define a Q-linear map : CF(g^) ^ SF(S-) by 
= Eo^cefmO) ^ • ^/-Mc)- Define Q-linear 4*^ . gp^^) ^ CF(;?) by 

where l<Hi is the function 1 e CF(5Hi). Then 7r|"^ o is the identity on CF(5'). 

The operations on constructible functions in §2. II extend to stack functions. 

Definition 2.7. Let (f) : 5"— s>© be a representable 1-morphism of Artin C-stacks. 
Define the pushforward (f)^ : SF(5')^SF(©) by 
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Let (j) : ^^(5 be of finite type. Define the pullback cf)* : SF(e5) ^■SF(3') by 

: I — > E"iCi[(9^i Xp,,0,0 5^,7r5)]. (6) 
The tensor product ® : SF(S^) x SF(6) x ©) is 

(E" 1 P.)]) ® (E;=i a,)]) =E.,, X 6„ X a,)]. (7) 

Here ^ Th. 3.5] is the analogue of Theorem [2H 



Theorem 2.8. Lef 2,5^,6,55 6e ^riin C-stacks and P : ^ e, j : <8 ^ be 
1-morphisms. Then 

(7o/3),=7,o/3, : SF(y)^SF(.Q), (70/?)*=/?* 07* : SF(55) ^ SF(;?), 

/or /3,7 representable in the first equation, and of finite type in the second. If 

is a Cartesian square with 



^ ^,ip of finite type and SF(£) — SF(0) 



I ' I o, ip uj jmue lype ana ' ■ '/* 

^ <P ^ rj,(l) representable, then SF(J) - SF(^) 

the following commutes 



In [To', §3] we relate pushforwards and puUbacks of stack and constructible 
functions using Ls^'^f^- 

Theorem 2.9. Let : 5^ — > © be a 1-morphism of Artin C-stacks. Then 

(a) (/i*oie5 = i5o0* : CF(0) ->SF(5') if 4> is of finite type; 

(b) Tif' o 0^ = CF""'((/i) ottI*"^ : SF(5^) ^ CF((5) if cf) is representable; and 

(c) 7r|*k o(j)* ^(j)* o Trg^ : SF(©) ^ CF(S-) i/ </> is of finite type. 

We define some projections H^/ : SF(S-) ^ SF(iJ), 10, §5]. 

Definition 2.10. For any Artin C-stack ^ we will define linear maps : 
SF(S^) -)■ SF{d) for n ^ 0. Now SF(5') is generated by [{% p)] with 1- 
isomorphic to a quotient [X/G], for X a quasiprojective C- variety and G a 
special algebraic C-group, with maximal torus T'^ . 

Let S{T'^) be the set of subsets of T'^ defined by Boolean operations upon 
closed C-subgroups L of T'^. Define a measure d/i„ : S{T'~^) -> Z to be additive 
upon disjoint unions of sets in S{T'^), and to satisfy d/i„(i) = 1 if dimi = n 
and d/i„(i) = if diniL ^ for all algebraic C-subgroups L of T*^. Define 

f \{weW{G,TG):wt = t}\ r^,^o>,^ m^^, («) 
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Here X^*^ is the subscheme of X fixed by t, and Cai{t}) is the centrahzcr of t 
in G, and t{*> : [X{*>/Cg({0)] ^ [^/G] is the obvious 1-morphism. 

The integrand in ([5]), regarded as a function of i G T'-^, is a constructible 
function taking only finitely many values. The level sets of the function lie 
in S{T'~^), so they are measurable w.r.t. d/i„, and the integral is well-defined. 
In Uni §5] we show © induces a unique linear map U^' : SF(5) -> SF{^). 

Here \TU\ §5] are some properties of the IT^^. 

Theorem 2.11. In the situation above, we have: 

(i) (H;;')2 = H;;*, so that Ui' is a projection, and H^; o H^;* ]or m^n. 

(ii) For all f G SF(5^) we have f ~ J2n>o^riif)^ where the sum makes sense 
asH;/(/) =0/orn>0. 

(iii) If (j) : ^ & is a 1-morphism of Artin C-stacks then IT^^ o cf)^ — (p^f o IT^ : 
SF(S') ^ SF(©). 

(iv) If fe SF(5), 9 e SF(0) then U^^if ® g) = El=o^riif) <»^i-m{9)- 

Roughly speaking, HJ'/ projects [(JR, p)] G SF(3') to [(JRmP)], where fH„ is 
the substack of points r G 5H(C) whose stabilizer groups IsotH(r) have rank n. 

2.3 Stack function spaces SF(5, X,Q) 

We will also need another family of spaces SF(5^, x, Q), from [lUJ §5-§6]. 

Definition 2.12. Let ^ be an Artin C-stack. Consider pairs (*H, p), where D\ is 
a finite type Artin C-stack and p : 9\ ^ ^ is a representable 1-morphism, with 
equivalence as in Definition 12.51 Define SF(^5, x, Q) to be the Q-vector space 
generated by equivalence classes [(91, p)], with the following relations: 

(i) Given p)] as above and © a closed C-substack of we have [(91, p)] = 
[ie,p\e)] + m\6,p\^\e)], as in Q. 

(ii) Let be a finite type Artin C-stack, U a quasiprojective C- variety, Trt^ : 
9\ X U ^ 9\ the natural projection, and p : ^ ^ a. 1-morphism. 
Then [{m xU,po n^,)] = x([C/])[(9^, p)]- 

Here xiU) G Z is the Euler characteristic of U. It is a motivic invariant 
of C-schemes, that is, x{U) = x(V) + x{U \ V) for V dU closed. 

(iii) Given [(91, p)] as above and a 1-isomorphism 91 = [X/G] for X a quasipro- 
jective C- variety and G a very special algebraic C-group acting on X with 
maximal torus T*^, we have 

P)] - T.QeQiG,TO) F{G, TG, Q)[{\XIQ],p o fi)] , 

where : [^/Q] — > 91 = [A^/G] is the natural projection 1-morphism. 
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Here Q[G, T^) is a certain finite set of C-subgroups of T^, and F{G, T^, Q) G Q 
are a system of rational coefficients defined in [TUI §6.2]. Define H^'"^ : SF(5^) — >■ 
SF(5, X, Q) by n^'Q : J^^^j c,[(9l„ p,)] ^ E,6/ c^[{m,, p,)]. Define pushforwards 
(jjs,, pullbacks 0*, tensor products €5 and projections fl^' on the spaces SF(*, x, Q) 
as in H2.2I The important point is that ([S])-® are compatible with the rela- 
tions defining SF(*,x, Q), or they would not be well-defined. The analogues of 
Theorems [SiHlIll] and HIII] hold for SF(*,x,Q). 

Here [TDl §5-§6] is a useful way to represent these spaces. It means that by 
working in SF(5^, x, Q), we can treat all stabilizer groups as if they are abelian. 



Proposition 2.13. SF(g',x,Q) is spanned over Q by [{U x [Spec C/T], p)], for 
U a quasiprojective C-variety and T an algebraic C-group isomorphic to xK 
for k ^ and K finite abelian. Moreover 

n;;'([(f/x[Specc/r],p)])- 



[([/ X [SpecC/r],p)], dimT^n, 
0, otherwise. 



3 Background material on Calabi— Yau 3-folds 

We now summarize some facts on Donaldson-Thomas invariants and other 
sheaf-counting invariants on Calabi- Yau 3-folds prior to our book [16] . Sections 
I3.1H3.3I review material from the author's series of papers [TTM14) . and iJ3!ll ex- 
plains results on Donaldson-Thomas theory from Thomas [53] and Behrend [T] . 
For simplicity we restrict to Calabi- Yau 3-folds and to the field IK C, although 
much of [1 m11HH1[55] works in greater generality. 

3.1 The Ringel-Hall algebra of a Calabi-Yau 3-fold 

We will use the following notation for the rest of the paper. 

Definition 3.1. A Calabi-Yau 3-fold is a smooth projective 3-fold X over C, 
with trivial canonical bundle Kx- In [21 we will also assume that H^{Ox) = 0. 
The Grothendieck group Kq{X) of coh(X) is the abelian group generated by all 
isomorphism classes [E\ of objects E in coh(X), with the relations [E] + [G] = 
[F] for each short exact sequence 0—^-E^F—>G^O. The Euler form 
X '■ Ko{X) X Ko{X) — i> Z is a biadditive map satisfying 

X(.[EI [F]) - j:^^,i-iydimE^t\E,F) (9) 

for all E,F E coh{X). As X is a Calabi-Yau 3-fold, Serre duality gives 
Ext*(F,£;) 9i Ext^-'{E,F)*, so dimExt\F,E) = diTJiExt^-\E , F) for ah 
E,F E coh{X). Therefore x is also given by 

x{[E],[F]) = (dim Hom(i;, i^) - dimExt^(i;, i^))- 

(dim Hom(F, E) - dim Ext^ {F, E)) . ^^^^ 
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Thus the Euler form x on Ko{X) is antisymmetric. 

The numerical Grothendieck group K{X) is the quotient of Kq(X) by the 
kernel of x- Then x on Ko{X) descends to a nondegenerate, biadditive Euler 
form X ■■ K{X) x K{X) Z. 

Define the 'positive cone' C{X) in K{X) to be 

C{X) ^{[E]e K{X) -.O^Ee coh{X)} C K{X). 

Write dJl for the moduli stack of objects in coh{X). It is an Artin C-stack, 
locally of finite type. Points of 2t(C) correspond to isomorphism classes [E] of 
objects E in coh{X), and the stabilizer group IsO(Dt([£']) in 971 is isomorphic as 
an algebraic C- group to the automorphism group Aut(£'). For a e C{X), write 
071" for the substack of objects E G coh{X) in class a in K{X). It is an open 
and closed C-substack of 971. 

Write ^yact for the moduli stack of short exact sequences ^> £'i ^> — > 
E3 ^ m coh(X). It is an Artin C-stack, locally of finite type. For j = 1,2,3 
write TTj : €j;act — J> 971 for the 1-morphism projecting ^ Ei E2 ^ E3 ^ 
to Ej . Then ^2 is representable, and tti x 713 ; Syact — )■ 97t x 971 is of finite type. 

In |12| we define Ringel-Hall algebras, using stack functions. 

Definition 3.2. Define bilinear operations * on SF(97l), SF(97t, x, Q) by 

/*5 = (7r2)*((7ri X TizTU ®g)): 

using pushforwards, puUbacks and tensor products in Definition 12.71 They 
are well-defined as 7r2 is representable, and tti x tts is of finite type. By [121 
Th. 5.2], whose proof uses Theorem l2.8l this * is associative, and makes SF(9Tt), 
SF(97l, X, Q) into noncommutative Q-algebras, called Ringel-Hall algebras, with 
identity 5[o] , where [0] G 971 is the zero object. The projection n^,^''^ : SF(97l) -> 
SF(97l, X, Q) is an algebra morphism. 

As these algebras are inconveniently large for some purposes, in J12' Def. 5.5] 
we define subalgebras SFai(97l), SFai(97l, x, Q) using the algebra structure on 
stabihzer groups in 97t. Suppose [(9^, p)] is a generator of SF(97t). Let r G 
91(C) with p^{r) = [E] G 971(C), for some E G coh(X). Then p induces a 
morphism of stabihzer C-groups p* : IsO(K(r) ^> Isoot ([£■]) ^ Aut(£^). As p is 
representable this is injective, and induces an isomorphism of Iso<R(r) with a 
C-subgroup of Aut(i?). Now Aut(£') = End(i?)^ is the C-group of invertible 
elements in a finite- dimensional C-algebra End(£') — Hom(£',i?). We say that 
[(9t, p)] has algebra stabilizers if whenever r G 91(C) with /9*(7') — [E], the C- 
subgroup p, (lso«H(r)) in Aut(£') is the C-group oi invertible elements in a 
C-subalgebra A in End(^;). Write SFai(97t), SFai(97l, x, Q) for the subspaces of 
SF(97l),SF(97l,x,Q) spanned over Q_by [(91, p)] with algebra stabilizers. Then 
p^, Prop. 5.7] shows that SFai(97t), SFai(97t, x, Q) are subalgebras of the Ringel- 
HaU algebras SF(97t), SF(97l, x, Q). 

Now [12, Cor. 5.10] shows that SFai(97l), SFai(97t, x, Q) are closed under the 
operators on SF(97t), SF(97t, x, Q) defined in In [El Def. 5.14] we define 
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SFij;'^ (971), SF!^';'^ (art, x, Q) to be the subspaces of / in SFai(5m) and SFai(97t, x, Q) 
with n^'(/) = /. We think of SF!5'^(9JT), SF!^';'i(9Jl, x, Q) as stack functions 
'supported on virtual indecomposables '. 

In [HI Th. 5.18] we show that SFi2'^(OT), SF!,'}^(971, x, Q) are closed un- 
der the Lie bracket [/, 5] = / * 3 " 5 * / on SFai(an), SFai(Wt, X, Q)- Thus, 
SF;,';^(OT), SFi5'i(aH, x, Q) are Lie subalgebras of SFai(S«), SFai(a)t, x, Q)- 

As in [12, Cor. 5.11], Proposition 12 . 1 31 simphfies to give: 

Proposition 3.3. SFai(93t, x, Q) is spanned over Q by elements of the form 
[{U X [Spec C/G^], p)] with algebra stabilizers, for U a quasiprojective C-variety 
and k ^ 0. Also S~F!5^(9JI, x, Q) is spanned over Q by [{U x [Spec C/G„], p)] 
with algebra stabilizers, for U a quasiprojective C-variety. 

All the above except (ITOl) works for X an arbitrary smooth projective C- 
scheme, but our next resuh uses the Calabi-Yau 3-fold assumption on X in an 
essential way. We follow [TH §6.5-§6.6], but use the notation of [ini §3.4]. 

Definition 3.4. Define an explicit Lie algebra L{X) over Q to be the Q- vector 
space with basis of symbols A" for a G K{X), with Lie bracket 

[A",A^]=x(a,/3)A"+^ (11) 

for a,/3 e K{X). As x is antisymmetric, pT|) satisfies the Jacobi identity and 
makes L{X) into an infinite-dimensional Lie algebra over Q. 
Define a Q-linear map : SF|^'['^(9JT, x, Q) ^ L{X) by 

*'^'^(/)-Eaei^(x)7"A", (12) 

where 7" G Q is defined as follows. Proposition 13.31 savs SFlj"'^(9}t, x, Q) is 
spanned by elements [{U x [Spec C/G„,.], p)]. We may write 

- EtlUiU^ X [SpecC/G„,],p,)], (13) 
where G Q and Ui is a quasiprojective C-variety. We set 

This is independent of the choices in (HH). Now define * : SF!5'*(971) ^ L{X) 
by * = *x.Q 0^^*2. 

In Th. 6.12], using equation ([TU|) . we prove: 

Theorem 3.5. : SF!^';'^(Wl) ^ L{X) and : SF!5^(aH, x, Q) ^ L{X) are 

Lie algebra morphisms. 
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3.2 Stability conditions on coh(X) and invariants J"(r) 

Next we discuss material in |13j on stability conditions. We continue to use the 
notation of H'S.ll with X a Calabi-Yau 3-fold. 

Definition 3.6. Suppose (T, ^) is a totally ordered set, and r : C(X) T 
a map. We call (t, T, ^) a stability condition on coh(X) if whenever Q!,/3,7 G 
C{X) with ^ = a + 7 then either r(a) < t(/3) < t{^), or r(Q!) > r(/3) > t{j), 
or t(q;) = = ''■(t)- We call (t, T, ^) a weafc stability condition on coh(X) 
if whenever a, /3, 7 G C'(X) with /? = a + 7 then either T{a) ^ r(/3) ^ t{j), or 
r(Q;) >t(/3) ^r(7). For such (r,T, we call a nonzero sheaf in coh{X) 

(i) T-stafeZe if for all 5* C £: with S^O,Ewe have r([S']) < T{[E/S]y., and 

(ii) T-semistable if for all C with 5 ^ 0, £; we have t{[S]) ^ t{[E/S]). 

For a e C(X), write 9Jt"g(r), ^"^(r) for the moduh stacks of r-(semi)stable 
E e A with class [E] = a in K{X). They are open C-substacks of Wl" . We call 
(r, r, ^) permissible if: 

(a) coh(X) is T-artinian, that is, there exist no infinite chains of subobjects 
■■■CE2(^EiCEo = XmAa.iid T{[En+i])^T{[En/ E^+i]) for aU n; and 

(b) 2t"s(T) is a /inife type substack of for aU a e C(X). 

Here are two important examples: 

Example 3.7. Define G to be the set of monic rational polynomials in t of 
degree at most 3: 

G = {p{t) = t'^ + aa-if^-^ + • • • + ao : d = 0, 1, 2, 3, ao, ■ • • , Orf-i e Q}- 
Define a totoZ order on G by p ^ p' for p,p' ^ G if either 

(a) degp > degp', or 

(b) degp = degp' and p(t) p'{t) for aU t > 0. 

We write p < q if p ^ q and p ^ q. 

Fix a very ample line bundle Ojc (1) on X. For iJ S coh(X), the Hilbert poly- 
nomial Pe is the unique polynomial in Q[t] such that PE{n) = d\mH^{E{n)) 
for all n > 0. Equivalently, PE(n) = for all n e Z. Thus, 

Pe depends only on the class a S K{X) of and we may write Pa instead of 
Pe- Define r : C{X) G by r(a) = Pa/ra, where Pa is the Hilbert polyno- 
mial of a, and is the (positive) leading coefficient of Pa- Then (r, G, ^) is a 
permissible stability condition on coh(X) |13l Ex. 4.16], called Gieseker stability. 

Gieseker stability is studied in [51 §1.2]. Write (t), M°^.{t) for the coarse 
moduli schemes of T-(semi)stable sheaves E with class [E] ~ a in K{X). By 
[HI Th. 4.3.4], A^"g(r) is a projective C-scheme whose C-points correspond to 
S-equivalence classes of Gieseker semistable sheaves in class a, and A^"t(r) 
is an open C-subscheme whose C-points correspond to isomorphism classes of 
Gieseker stable sheaves in class a. 
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Example 3.8. In the situation of Example 13.71 define 

M = {p{t) = i^' + ad-if^'^ : d = 0, 1, 2, 3, aa-i G Q, a-i = O} C G 

and restrict the total order ^ on G to A/. Define fi : C{X) M by /^(q) = 

t''^ + Gd-if^'^ when r(Q!) = Pa/ra = + a^-ii''""^ H hao, that is, ^i{a) is the 

truncation of the polynomial T(a) in Example 13.71 at its second term. Then as 
in |13| Ex. 4.17], {fi,M, ^) is a permissible weak stability condition on coh(X). 
It is called ^-stability, and is studied in Pi §1.6]. 

In [131 §8] we define interesting stack functions (S^(T),e"(T) in SFai(9K). 

Definition 3.9. Let (r, T, ^) be a permissible weak stability condition on 
coh(X). Define stack functions ^"s(t) = ^OT°(r) in SFai(S['l) for a £ C{X). 
That is, 6"^{t) is the characteristic function, in the sense of Definition 12. 6[ of 
the moduli substack VJI"^{t) of r-semistable sheaves in 9Jl. In [TJIi Def. 8.1] we 
define elements e"{T) in SFai(2t) by 

6-°(t)= y1 (14) 

n^l, Qi,...,a„GC(X): 

Ql^ hctTi— a, TCtii)— t'Cq^), all i 

where * is the Ringel-Hall multiplication in SFai(SEH). Then [T31 Th. 8.2] proves 
dZ{r)= le-i(r)*e-"^(r)*..-*6-"(r). (15) 

Ti^l, Qi,...,Q„GC(X): 

ttlH hcKn— CK, T(ai)— t(q), all i 

There are only finitely many nonzero terms in (|14 p - (jl5p . 

Equations and (ITSI) are inverse, so that knowing the e"(r) is equivalent 
to knowing the Sgir). If 931", (r) = S[»t"t(^) then e"(r) = Sgir). The difference 
between e"(T) and (5"s(t) is that e"(T) 'counts' strictly semistable sheaves in a 
special, complicated way. Here |131 Th. 8.7] is an important property of the 
e"(T), which docs not hold for the S"^{t). The proof is highly nontrivial, using 
the full power of the configurations formalism of pTHH] . 

Theorem 3.10. e"(r) lies in the Lie subalgebra SF'^'^{m) in SFai(OT). 

In [131 §6.6] we define invariants J°'{t) G Q for all a e C{X) by 

^'(e"(T)) = J"(t)A". (16) 

This is valid by Theorem 13.101 These J°'{t) are rational numbers 'counting' 
T-semistable sheaves E in class a. When M'^^{t) = M%{t) we have 

J"(r)=x(A^"tM), (17) 

that is, J'^{t) is the Euler characteristic of the moduli space A1"j(t). In the 
notation of i )3.41 this is not weighted by the Behrend function uj^a^i^^-^, and so 
is not the Donaldson-Thomas invariant DT°'{t). As in [161 Ex. 6.9], the J'^(r) 
are in general not unchanged under deformations of X . 
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3.3 Changing stability conditions and algebra identities 

In [13] we prove transformation laws for the 6^^{t),€"{t) under change of sta- 
biUty condition. These involve combinatorial coefficients S{*;T,f) G Z and 
U{*;T,f) G Q defined in [H §4.1]. 

Definition 3.11. Let (r, T, ^),{t, T, ^) be weak stability conditions on coh{X). 
Let n ^ 1 and ai, . . . , a„ G C{X). If for alH = 1, . . . , n — 1 we have either 

(a) T{ai) ^ T(aj+i) and f{ai H h a.;) > T{ai+i H h a„) or 

(b) T{ai) > T(ai+i) and f(ai H ha^) =^ ^(ai+i H hOn), 

then define 5(q!i, . . . , a„; r, f ) = (—1)'', where r is the number of « = 1, . . . , n — 1 
satisfying (a). Otherwise define S{ai, . . . , a„; r, f ) =0. Now define 

U{ai, . . . ,a„;r,f) = 

X] Ili^i 5'(Ai-i+i,/36i-i+2, • • ■ ,/3hi;T,f) 

l^Z^m^n, 0— ao <ai <■ ■ ■ <am— n, 0— fco < ■ ■ ■<^; — 1 

Define ft , . . . , /3„ S C(X) by ft = aa,_i + l + • ■ • + Qa^ • • M y rr . 

Define 71,..., 7, G C(X) by 7. = ft + ■ ■ • + ft . . ^^-^ {^t -a^-i)! 

Then r(/3i) — r{aj), i — 1, . . . , m, a^-i < j ^ ai, 
and 'r(7i) — t{qi + ■ ■ ■ + ctn), 2 — 1, . . . , / 



Then in [T31 §5] we derive wall-crossing formulae for the ^^(T),e"(T) under 
change of stability condition from (r, T, ^) to (f, T, ^): 

Theorem 3.12. Let (t, T, (f,T, ^) &e permissible weak stability conditions 
on coh(X). Then under some mild extra conditions, for all a G C{X) we have 

= 5'(ai,...,a„;r,f)- 

n^l, ai,...,a„eC(X): ^f^i (^) ^ ^"2 (^) ^ 

OlH hQ„=Q! \ / V / 

X! U{ai,. . . ,an;T,T)- 

n^l, ai,...,a„eC(X): e^Vr) * e""(T) * 

CKlH hOin—Ct ^ ' ^ ' 

where there are only finitely many nonzero terms in (jl8l) - (jl9p . 

The 'mild extra conditions' in the theorem are required to ensure that there 
are only finitely many nonzero terms in (jl8p - (jl9p . In fact the author expects 
that this always holds when (r, T, (f, T, ^) are of Gieseker or /z-stability 
type, but for irritating technical reasons has not been able to prove this. As 
in [131 §5.1], the author can show that one can go between any two (weak) 
stability conditions on coh(X) of Gieseker or /i-stability type by finitely many 
applications of Theorem 13. 121 In [14] Th. 5.4] we prove: 

Theorem 3.13. Equation (1191) may be rewritten as an equation in 

using the Lie bracket [,\ on SFl^'['^(9n), rather than as an equation in SFai(S[)T) 

using the Ringel-Hall product *. 



(18) 



£-""(r). 



(19) 
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Therefore we may apply the Lie algebra morphism ^ of ^'d.l\ to equation 
(fT9)) . As ([T9| is not expressed explicitly in terms of Lie brackets, it is helpful to 
write this in the universal enveloping algebra U{L{X)). This gives 



X! - ^ — ' ' ' ' •^^»=i - ^ ' (20) 

«;^l,ai,...,a„GC(X): ★ A"^ ★ • • • ^ A"" , ^ ' 

ttlH \-aji—a 

where * is the product in U{L{X)). 

Now in |12[ §6.5], a basis is given for U{L{X)) in terms of symbols \i^k,]: 
and multiplication ★ in U{L(X)) is written in terms of the A[/ k] as a sum over 
graphs. Here / is a finite set, k maps / — >■ C{X), and when |/| = 1, so that 
/ = {i}, we have Aj/^^j — A***^*). Then [Mj eq. (127)] gives an expression for 
A"^ ★ • • • ★ A"" in U{L{X)), in terms of sums over directed graphs (digraphs): 

A"i * ■ • ■ * A"" = terms in A[7,«], |/| > 1, (21) 



A' 



QiH ha,7 



2"-i 

connected, simply-conncctcd digraphs F: edges 

vertices {1, . . . , n}, edge • — > • implies i < j • — >■ • 

in r 

Substitute (l2l|) into ([201). The terms in A[7,^] for |/| > 1 all cancel, as (f2Q)l 
lies in L{X) C U{L{X)). So equating coefficients of A*^ yields 

n^l, ai,....an^C{X): connected, simply-connected digraphs F: 

CKlH hCtn— Q , T 1 ^ ■ 1- - ^ - 

vertices {1, .... nj, edge • — ^ • implies t < j /r\o\ 

^—^U{ai,...,an;T,f) J| x(a», "j) H '^"*('^)■ 
edges • — )■ • m i 

Following ^4, Def. 6.27], we define combinatorial coefficients V{I, F, k; t, f): 

Definition 3.14. In the situation above, let F be a connected, simply-connected 
digraph with finite vertex set /, where ]/] = n, and k : / — > C{X) be a map. 
Define V{I, F, k; t, f) 6 Q by 

V{I,T,k;t,t) = ^n-i^i X! t/(K(«i),K(i2),...,K(i„);r,f). (23) 

orderings ii , . . . , in of /: 
edge • — >■ • in r implies a < b 

Then as in [TH Th. 6.28], using to rewrite ([^^ yields a transformation 
law for the J'^{t) under change of stability condition: 

iso. k:/— >-C(X); connected, edges • — > • in F ('24^ 
classes ^ simply-connected ^ ^ 

vertices 7 -Li^^/ 
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3.4 Donaldson-Thomas invariants of Calabi— Yau 3-folds 



Donaldson-Thomas invariants DT°'{t) were defined by Richard Thomas [33] . 
following a proposal of Donaldson and Thomas 0] §3] . 

Definition 3.15. Let X be a Calabi- Yau 3-fold. Fix a very ample line bundle 
Ox(l) on X, and let (r, G, ^) be Gieseker stability on coh(X) w.r.t. Ox{i), as 
in Example 13.71 For a e K{X), write 7W"s(t), A^"t(r) for the coarse moduh 
schemes of r-(semi)stable sheaves E with class [E] — a. Then 7W"g(r) is a 
projective C-scheme, and A4"^{t) an open subschemc. 

Thomas [33] constructs a symmetric obstruction theory on 7W"j(t). Suppose 
that A^"s(r) = Mf^ir). Then ^^"^(t) is proper, so using the obstruction theory 
Behrend and Fantechi [51 define a virtual class [X"t('^)]"'' £ ^o(X"t(T)). The 
Donaldson-Thomas invariant 33 is defined to be 

^r"(r)=/[^„ (25) 

Note that DT°'(t) is defined only when 7W"s(r) = A^"j(t), that is, there are no 
strictly semistable sheaves E in class a. One of our main goals is to extend the 
definition to all a G K{X). Thomas' main result 33, §3] is that 

Theorem 3.16. DT"{t) is unchanged by continuous deformations of the un- 
derlying Calahi-Yau 3-fold X . 

An important advance in Donaldson- Thomas theory was made by Behrend 
[T] , who found a way to rewrite the definition (j25p of Donaldson-Thomas invari- 
ants as a weighted Euler characteristic. Let ^ be an Artin C-stack, locally of 
finite type. Then ^ has a unique Behrend function v:g : 3'(C) — ^ Z, a Z-valued 
locally constructible function on ^J. The definition, which we do not give, can be 
found in 1, §1] when 5 is a finite type C-scheme, and in |16i §4.1] in the general 
case. Here are some important properties of Behrend functions from [T1I16). 

Theorem 3.17. Let 3^,0 he Artin C-stacks locally of finite type. Then: 

(i) If ^ is a smooth of dimension n then i>-g = (—1)". 

(ii) // if : S"— 5-0 is smooth with relative dimension n then = (—l)^ip* (^0) . 

(iii) J^5x« =v^Bv0 in LCF(S' x 0), where {v^ B iy0){x,y) = v^{x)v0{y). 

(iv) Suppose M. is a proper C-scheme and has a symmetric obstruction theory, 
and [Ai]™ G Aq{M.) is the corresponding virtual class from j2j. Then 

Syj^-^^„l^x{M,VM) e Z, 

where x{^t^m) = Sm(C) ^m^X '■s the weighted Euler characteristic 

of A4, weighted by the constructible function I'm- I'^ particular, /[^jvir 1 
depends only on the C-scheme structure of J^, not on the choice of sym- 
metric obstruction theory. 
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(v) Let M. he a (C-scheme, let x S M.{C.), and suppose there exist a complex 
manifold U, a holomorphic function f : U — ?> C, and a point u G Crit(/) C 
U such that locally in the analytic topology, A^(C) near x is isomorphic 
as a complex analytic space to Crit(/) near u. Then 

= (-1^-^(1 -X(MF^H)), 
where xiMFf{u)) is the Euler characteristic of the Milnor fibre MFf{u). 

Here the Milnor fibre in (v) is defined as follows: 

Definition 3.18. Let t/ be a complex analytic space, locally of finite type, 
/ : ?7 — )> C a holomorphic function, and u G U. Let d{, ) he a. metric on U 
near u induced by a local embedding of U in some C^. Fov ueU and (5,e > 0, 
consider the holomorphic map 

<^f,u ■■ {v eU : d{u,v)<6, 0<\f{v)-f{u)\<e} — > {z e C : 0<\z\<e} 

given by <i>/„(i;) ~ f{v) — f{u). Then ^f^u is a smooth locally trivial fibration 
provided < e < (5 <C 1. The Milnor fibre MFf{u) is the fibre of It is 

independent of the choice ofO<e<C(5^1. 

Theorem IXTTT iv) implies that DT"{t) in ^ is given by 

OT"(r)=x(A^"tW,i^A4aM)- (26) 

This is similar to the expression pT)) for J"(t) when 7W"g(T) — M^^{t). There 
is a big difference between the two equations (^5)) and (pS)) defining Donaldson- 
Thomas invariants. Equation (I25p is non-local, and non-motivic, and makes 
sense only if Msi{t) is a proper C-scheme. But (^51 is local, and (in a sense) 
motivic, and makes sense for arbitrary finite type C-schemes A4"t(T). It is 
tempting to take (j26p to be the definition of Donaldson-Thomas invariants even 
when M"s{t) ^ M'^^{t), but in |TSJ §6.5] we show that this is not a good idea, 
as then DT°'{t) would not be unchanged under deformations of X. 

Equation (pS)) was the inspiration for [TB] . It shows that Donaldson-Thomas 
invariants DT°'(t) can be written as motivic invariants, like those studied in 
prHTS] . and suggests extending the results of [TTmS] to Donaldson-Thomas 
invariants by including Behrend functions as weights. 

4 Generalized Donaldson— Thomas invariants 

We now summarize [161 §5-§6]. All this section is joint work with Yinan Song. 
Let X be a Calabi-Yau 3-fold over C, and Cx(l) a very ample line bundle over 
X. We now assume that H^{Ox) = 0, which was not needed in 521 We use the 
notation of with 9Jt the moduli stack of coherent sheaves on X, and so on. 
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4.1 Local description of the moduli of coherent sheaves 

In [ini Th. 5.5] we give a local characterization of an atlas for the moduli stack 
DJl as the critical points of a holomorphic function on a complex manifold. 

Theorem 4.1. Let X be a Calabi-Yau 3-fold over C, and DJl the moduli 
stack of coherent sheaves on X . Suppose E is a coherent sheaf on X, so that 
[E] £ 9Jt(C). Let G be a maximal compact subgroup in Aut(_E), and its 
complexification. Then G"^ is an algebraic <C-subgroup of Aut(ii^), a maximal 
reductive subgroup, and G"^ = Aut(i?) if and only if Aut(i!^) is reductive. 

There exists a quasiprojective C-scheme S, an action of G'^ on S, a point 
s G 5(C) fixed by G"^, and a 1-morphism of Artin C-stacks $ : [S/G'^] 9Jt, 
which is smooth of relative dimension dimAut(£^) — dimG"^, where [S/G^] is 
the quotient stack, such that $(sG"^) — [E], the induced morphism on stabi- 
lizer groups : IsO[5/qc] (s G"^) — >■ Isoaji([i?]) is the natural morphism G"^ '->■ 

Aut(£;) ^ Isoot([£^]), and d$|,.GC : T,S ^ Tsg^S/G"] T[e]M ^ Eid\E,E) 
is an isomorphism. Furthermore, S parametrizes a formally ver sal family (5,2?) 
of coherent sheaves on X, equivariant under the action of G*^ on S, with fibre 
T>s ~ E at s. If Aut(i?) is reductive then $ is Stale. 

Write 5an for the complex analytic space underlying the <C-scheme S . Then 
there exists an open neighbourhood U of in Ext^(E,E) in the analytic topol- 
ogy, a holomorphic function / : J7 — > C with /(O) = d/|o = 0, an open 
neighbourhood V of s in 5an, and an isomorphism of complex analytic spaces 
S : Crit(/) — V, such that S(0) = s and dS|o : T'oCrit(/) — >■ TsV is the in- 
verse of d<i>|s(3c : TsS — > 'Ext^{E,E). Moreover we can choose U,f,V to be 
G*^ -invariant, and S to be G*^ -equivariant. 

The proof of Theorem 14. II comes in two parts. First we show in 16, §8] that 
dJl near [E] is locally isomorphic, as an Artin C-stack, to the moduli stack QJect 
of algebraic vector bundles on X near [E'] for some vector bundle E' X. The 
proof uses algebraic geometry, and is valid for X an Calabi-Yau m-fold for any 
m > over any algebraically closed field K. The local morphism 9Jl QJect is 
the composition of shifts and m Seidel-Thomas twists by Ox{—n) for n ^ 0. 

Thus, it is enough to prove Theorem 14 . 1 1 with QJect in place of 3Jl. We do this 
in [16' §9] using gauge theory on vector bundles over X, motivated by an idea of 
Donaldson and Thomas |4j §3], [33i §2], and results of Miyajima [21 . Let E ^ X 
be a fixed complex (not holomorphic) vector bundle over X. Write for the 
infinite-dimensional affine space of smooth semiconnections (9-operators) on E, 
and ^ for the infinite-dimensional Lie group of smooth gauge transformations 
of E. Then acts on £/, and — j'iS is the space of gauge-equivalence 
classes of semiconnections on E. 

We fix dE in si coming from a holomorphic vector bundle structure on E. 
Then points in ^ are of the form 5b + A for A e G°° (End(£') (X)c A°'ir*X) , and 
Be+A makes E into a holomorphic vector bundle if F^'^ = 9b A+AaA is zero in 
G°°(End(£') (g>c k^-'^T*X). Thus, the moduli space (stack) of holomorphic vec- 
tor bundle structures on is isomorphic to {Be^A e a/ : F*^^ = 0}/^. Thomas 
observes that when X is a Calabi-Yau 3-fold, there is a natural holomorphic 
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function CS C called the holomorphic Chern-Simons functional^ invari- 

ant under up to addition of constants, such that {Be + A & £/ : F^'^ = 0} is 
the critical locus of CS. Thus, QJect is (informally) locally the critical points of a 
holomorphic function CS on an infinite-dimensional complex stack = j'S . 
To prove Theorem 14.11 we show that we can find a finite-dimensional complex 
submanifold U va. and a finite-dimensional complex Lie subgroup in 
preserving JJ such that the theorem holds with / = CS\jj. 

In [161 Th. 5.11] we prove identities on the Behrend function of OT, as in tj3.4l 

Theorem 4.2. Let X be a Calabi-Yau 3-fold over C, and dJl the moduli stack of 
coherent sheaves on X . The Behrend function v^jyi : 2H(C) "L is a natural 
locally constructible function on 9Jt. For all Ei,E2 G coh(X), it satisfies: 

>^m{Ei ® E2) = (-l)^([^^l't^^lVOT(Fi)z.<Di(F2), (27) 

y[A]eP(Exti(B2,i=;i)): ^ ' ^ J[x']er(E^t^{E,,E2)y. -"'^ ' ^ 

= (dimExt^(£'2,£'i) - dimExt^E'i, £'2))j/OT(i^i ©£^2)- 

Here x{[Ei\, [E2]) in (|27p is defined in ([5]), and in (j28p the correspondence be- 
tween [A] G ¥(F.jit\E2,Ei)) and F G coh(X) is that [A] G ]P(Ext\E2, Ei)) 
lifts to some ^ A G Ext^(i?2, i^i), which corresponds to a short exact sequence 
^ El ^ F ^ E2 ^ in coh(X) in the usual way. The function [A] vmiF) 
is a constructible function P(Ext"'^(_B2, -Ei)) — >■ Z, and the integrals in (j28p are 
integrals of constructible functions using the Euler characteristic as measure. 

We prove Theorem 14.21 using Theorem 14.11 and the Milnor fibre description 
of Behrend functions from Theorem IS-lTr v) . We apply Theorem 14.11 to E = 
El (B E2, and we take the maximal compact subgroup G of Aut(£') to contain 
the subgroup {id^j -|-Aid_E2 : A G U(l)}, so that G"^ contains {id^j -|-Aid_E2 : 
A G Gm } ■ Equations (l27l) and (|28)) are proved by a kind of localization using 
this G„i-action on Ext^(£;i E2,Ei E2). 

Note that Theorem 14.21 makes sense as a statement in algebraic geometry, 
for Calabi-Yau 3-folds over an algebraically closed field K of characteristic zero, 
and the author expects it to be true in this generality. However, our proof of 
Theorem 14 . 2 1 uses gauge theory, and transcendental complex analytic geometry 
methods, and is valid only over K = C. 

4.2 A Lie algebra morphism ^ : SF'f{m) L(X), and 
generalized Donaldson— Thomas invariants DT°'{t) 

In H3.ll we defined an explicit Lie algebra L{X) and Lie algebra morphisms 
* : SF!5'^(OT) ^ L{X) and ^^^^ : SF!2'^(OT, x, Q) ^ L[X). We now define 
modified versions L{X), ^, ^x,Q^ with ^, vp^^Q weighted by the Behrend function 
fgrji of dJl. We continue to use the notation of 
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Definition 4.3. Define a Lie algebra L{X) to be the Q- vector space with basis 
of symbols A" for a G K{X), with Lie bracket 

[r,A^] = (-l)*("'«x(«,/3)A"+'', (29) 

which is ((TT|) with a sign change. As x is antisymmetric, satisfies the Jacobi 
identity, and makes L{X) into an infinite-dimensional Lie algebra over Q. 
Define a Q-linear map : SFij;'^(»t, x, Q) ^ L{X) by 

as in (|12l) . where 7" € Q is defined as follows. Write in terms of 6i, Ui, pi 

as in (IT3l) . and set 

7" = Er=i'5»x(f/.,Ar(^OT)), (30) 

where /9*(fc'gjt) is the pullback of the Behrend function to a constructible 
function on Ui x [SpecC/Gm], or equivalently on Ui, and x(C^i: is the 

Euler characteristic of Ui weighted by Pi^vm)- One can show that the map from 
(ini) to (1201) is compatible with the relations in SF''lf{m°',x, Q), and so ^^'^ is 
well-defined. Define ^ : SFi5'^(97l) ^ L{X) by * = v^x.Q o 11^^. 

The reason for the sign change between and ([29]) is the signs involved 
in Behrend functions, in particular, the (—1)" in Theorem I3.17f ii). which is 
responsible for the factor {-l)xi[Ei].[E2]) ^ Here ^Mj Th. 5.14] is the 
analogue of Theorem 13.51 

Theorem 4.4. ^ : SF'^i'^{m) L{X) and ^x^Q : SF!5'^(an, x, Q) ^ L{X) are 
Lie algebra morphisms. 

We can now define generalized Donaldson-Thomas invariants. 

Definition 4.5. Let X be a projective Calabi-Yau 3-fold over C, let Cx(l) 
be a very ample line bundle on X, and let (r, G, ^) be Gieseker stability and 
(;U,M, O be /x-stability on coh(X) w.r.t. Ox{i), as in Examples 13.71 and 13.81 
As in (jl6l) . define generalized Donaldson-Thomas invariants DT'^{t) G Q and 
DT°'{p) G Q for all a G C{X) by 

*(e"(T)) = -DT'^{t)\'^ and ^(e"(A*)) = ~DT"{p)~X°'. (31) 

Here e"(r)^e"(^) are defined in ([HI), and lie in SFi,';'^(9Jl) by Theorem [3301 so 
DT°'{t), DT"{p) are well-defined. In [H Prop. 5.17] we show that if MZ{t) = 
M"^.{t) then DT°'{t) — DT°'(t). That is, our new generalized Donaldson- 
Thomas invariants DT°' (r) are equal to the original Donaldson-Thomas invari- 
ants DT'^ir) of [23] whenever the DT°'{t) are defined. 

We can now repeat the argument of ij3.3l to deduce transformation laws for 
generalized Donaldson-Thomas invariants under change of stability condition. 
In the situation of Theorem 13. 12[ equation (|19p is an identity in the Lie algebra 
SF"J'^(9Jt), so we can apply the Lie algebra morphism ^ to transform (IT^ into 
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an identity in the Lie algebra L{X), and use (I5T|) to write this in terms of 
generahzed Donaldson-Thomas invariants. As for pO|. this gives an equation 
in the universal enveloping algebra U{L{X)): 

DT^{f)~\^= [/(«!,..., a„;r,f).(-ir-inr=i^r"KT)- 

n^l, Qi,...,Q„eC(X): \ai , \Q2 . , \ctn 

Ql+... + Q„=Q ★•••★A . 

Following the proof of (IMl) in tj3.3l with sign changes, in [121 Th. 5.18] we obtain: 
Theorem 4.6. In the situation of Theorem I3.12[ for all a g C{X) we have 

E E E hir-'V{I,r,n;r,f).Y[ DT-^Hr) ^ ^ 

iso. K.:I^C(X): connected. ^ , _, -.s. , -■ ^ V'^^.' 

ofMHe E«(i)=" s^mply .{-1)2 ^.,er \xM^) MM . Y[ x{^{^) , ^{j)) , 

^ ^ ie/ connected ^ : 

-' digraphs T, edges • — !• • in T 

vertices I 

with only finitely many nonzero terms. 

The discussion after Theorem 13. 121 implies [TFl Cor. 5.19]: 

Corollary 4.7. Let (r, T, (f, T, ^) &e two permissible weak stability condi- 
tions on coh(X) of Gieseker or ^-stability type, as in Examples 13.71 and 13.81 
Then the DT°'{t) for all a S C{X) completely determine the DT°'{t) for all 
a £ C{X), and vice versa, through finitely many applications of ([32]). 



4.3 Invariants PI°''^{t') counting stable pairs, and 
deformation-invariance of the DT"{t) 

We wish to prove that our invariants DT" (t) are unchanged under deformations 
of X. We do this indirectly: we first define another family of auxiliary invariants 
PI^'^It') counting stable pairs on X, and show that PI°''"{t') are unchanged 
under deformations of X. Then we prove an identity ([35]) expressing PI°'-'^{t') in 
terms of the DT^{t), and use it to show I)T°'{t) is deformation-invariant. This 
approach was inspired by Pandharipande and Thomas |28) , who use invariants 
counting pairs to study curve counting in Calabi-Yau 3-folds. 

Definition 4.8. Let X be a Calabi-Yau 3-fold over C, with H^{Ox) = 0. 
Choose a very ample line bundle Cx(l) on X, and write (r, G, ^) for Gieseker 
stability w.r.t. Ox{^), as in Example 13.71 

Fix n 3> in Z. A pair is a nonzero morphism of sheaves s : Ox{—n) — > E, 
where iJ is a nonzero sheaf. A morphism between two pairs s : Ox{~n) — )■ E 
and t : Ox{—n) — > F is a morphism of Ox-modules f : E ^ F, with f o s = t. 
A pair s : Ox{—n) E is called stable if: 

(i) t{[E']) t{[E]) for all subsheaves E' of E with ^ E' ^ E; and 
(n) If also s factors through E', then t{[E']) < t{[E]). 
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Note that (i) implies that if s : Oxi—n) — > is stable then E is r-semistable. 
The class of a pair s : Ox{—n) —^Eis the numerical class [E] in K{X). We 
will use r' to denote stability of pairs, defined using Oxi^)- 

In [TFl Th.s 5.22 & 5.23] we use results of Le Potier to prove: 

Theorem 4.9. // n is sufficiently large then the moduli functor of stable pairs 
has a fine moduli scheme, a projective C-scheme A^"^^(r'), with a symmetric 
obstruction theory. 

Definition 4.10. In the situation above, for a G K{X) and n ^ 0, define 
stable pair invariants PI°''"'{t') in Z by 

where [M"^p{t')]™' E Ao(A^"t'p (t')) is the virtual class constructed by Behrend 
and Fantechi 2 using the symmetric obstruction theory from Theorem 14.91 
Theorem 13. 17f iv) implies that the stable pair invariants may also be written 

P/"'"(r') = x(A^"t;(r'),^>f-(.'))- (34) 



In [TBI Cor. 5.26] we prove an analogue of Theorem 13. 161 

Theorem 4.11. P/"'"(t') is unchanged by continuous deformations of the un- 
derlying Calabi-Yau 3-fold X. 

In [ini Th. 5.27] we express the pair invariants PI°'''^{t') above in terms of 
the generalized Donaldson-Thomas invariants DT^{t) of M.2\ Equation (|35p 
is a wall-crossing formula similar to p2|) , and we prove it by change of stability 
condition in an auxiliary abelian category. 

Theorem 4.12. For a e C{X) and n ^ we have 

PI°''"-{t')= ^ L J^[(_l)x([C'x(-n)]-ai ai_i,Qi) ^gg^ 

ai,...,aieC(X), ^' i=l 

t^ablV+aWn"' x{[Ox{-n)]-a, a._i,a.)OT-(r)], 

where there are only finitely many nonzero terms in the sum. 

Equation p5p is useful for computing invariants DT°'{t) in examples. By 
combining Theorems 14.111 and 14 . 1 21 and using induction on the leading coefficient 
of the Hilbert polynomial of a, we deduce [THl Cor. 5.28]: 

Corollary 4.13. The generalized Donaldson-Thomas invariants DT'^{t) de- 
fined in i j4.2l are unchanged under continuous deformations of the underlying 
Calabi-Yau 3- fold X. 
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4.4 Integrality properties of the DT"{t) 

This subsection is based on ideas in Kontsevich and Soibelman [T5', §2.5 & §7.1]. 
The following example is taken from [TB^, Ex.s 6.1 & 6.2]. 

Example 4.14. Let X be a Calabi-Yau 3-fold over C equipped with a very 
ample line bundle Ox(X)- Suppose a £ C{X), and that E G coh{X) with 

^ m copies ^ 

[E] = a is r-stable and rigid, so that Ext^ {E, E) = 0. Then mE = E ® ■ ■ ■ ® E 
for m ^ 2 is a strictly r-semistable sheaf of class ma, which is also rigid. For 
simplicity, assume that mE is the only r-semistable sheaf of class ma for all 
m > 1, up to isomorphism, so that A^2"(t) = {[mi?]}. 

A pair s : 0{—n) mE may be regarded as m elements s^,...,s™ of 
H°{E{n)) = C^°("\ where is the Hilbert polynomial of E. Such a pair 
turns out to be stable if and only if s^,...,s'" are linearly independent in 
H'^{E(n)). Two such pairs are equivalent if they are identified under the action 
of Aut{mE) = GL(m, C), acting in the obvious way on (s^,...,s™). Thus, 
equivalence classes of stable pairs correspond to linear subspaces of dimension 
m in H'^{E{n)), so the moduli space A^^p'"(t') is isomorphic as a C-schcme to 
the Grassmannian Gr(C™, C'^"^"-'). This is smooth of dimension m{Pa{n) —to), 
so that VM^^^^.r^^r') = (-1)™(-P°(")-™) by Theorem [STTti). Also Gr(C", C^"^"^) 
has Euler characteristic the binomial coefficient (^°^"'') • Therefore ([M)) gives 

Consider (|35p with ma in place of a. If ai, . . . , a; give a nonzero term on 
the right hand side of ((35)) then ma = ai + • • • + a/, and (r) ^ 0, so there 

exists a r-semistable Ei in class a^. Thus i?i © • ■ • © £"/ lies in class ma, and is 
r-semistable as T{ai) = T{a) for all i. Hence Ei® ■ ■ ■ ® Ei = mE, which implies 
that Ei = kiE for some fci, . . . , fc; ^ 1 with fci + • • ■ + fc; = to, and = fc^a. 

Setting tti = kia, we see that xi'^ji Q^i) = ^^^d x([C'x(— ^)], cki) = kiPa{n), 
where Pa is the Hilbert polynomial of E. Thus in ((35|) we have x([Cx (—«■)] — 
ai — ■ • ■ — ai_i,ai) = kiPa{n). Combining p6|) . and ([35)l with these substitu- 
tions, and cancelling a factor of (— 1)'"^"(") on both sides, yields 

,...,/Ci ^1: i=l 

fciH hfc;=m 

Regarding each side as a polynomial in Pa{n) and taking the linear term in 
Pa{n) we see that 

DT™"(r) = At for all to > 1. 

TO^ 

Example 14.141 shows that given a rigid r-stable sheaf i? in class a, the sheaves 
mE contribute l/m^ to DT"^"{t) for all to ^ 1. We can regard this as a kind 
of 'multiple cover formula', analogous to the well known Aspinwall-Morrison 
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computation for a Calabi-Yau 3-fold X that a rigid embedded CP^ in class 
a £ H2{X;Z) contributes 1/m^ to the genus zero Gromov-Witten invariant of 
X in class ma for all m ^ 1. So we can define new invariants DT°'{t) which 
subtract out these contributions from mE for m > 1. 

Definition 4.15. Let X be a projective Calabi-Yau 3-fold over C, let Ox(l) be 
a very ample line bundle on X, and let (r, T, ^) be a weak stability condition on 
coh(X) of Gieseker or /i-stability type. Then Definition 14.51 defines generalized 
Donaldson-Thomas invariants DT°'{t) € Q for a e C{X). 

Let us define new invariants DT°'{t) for a G C{X) to satisfy 

dt"{t)^ J2 ^iir"/™(T). (37) 

By the Mobius inversion formula, the inverse of ([HTj) is 

DT^{t)^ J2 ^^^/?r"/'"(r), (38) 

m^l, m|Q 

where the Mobius function Mo : N ^ {-1, 0, 1} is M6(n) (-l)"* if n = 1, 2, . . . 
is square-free and has d prime factors, and M6(n) — otherwise. 

We take p8l) to be the definition of DT" (r) , and then reversing the argument 
shows that ([37l) holds. We call DT°'{t) the BPS invariants of X, as Kontsevich 
and Soibelman suggest their analogous invariants Q.{a) count BPS states. 

If ^[3" (r) = M'^,{t) then M'^i"'{T) = for ah m ^ 2 dividing a, and so 
DT°'{t) = DT"{t) = DT"{t), as in Definition |431 

We make a conjecture [16, Conj. 6.12], based on [HI Conj. 6]. 

Conjecture 4.16. Let X be a Calabi-Yau 3-fold over C, and (r, T, ^) a weak 
stability condition on coh(X) of Gieseker or ^-stability type. Call {t,T,^) 
generic if for all a, (3 G C{X) with T{a) = t{(3) we have x(a,/3) = 0. 
// (T,r, «;) is generic, then DT"{t) e Z for all a G C{X). 

The author, Martijn Kool and Sven Meinhardt are working on a proof of 
Conjecture 14.161 In [ini §6] we prove that Conjecture 14.161 holds in a number 
of examples, and give an example |16[ Ex. 6.8] in which (r, T, ^) is not generic 
and DT°'{t) ^ Z. In [ill Th. 7.29] we prove the analogue of Conjecture l4l6l 
for invariants counting representations of quivers without relations. 

4.5 Counting dimension and 1 sheaves 

Let X be a Calabi-Yau 3-fold over C with H^{Ox) = 0, let Ox{l) be a very 
ample line bundle on X, and (r, G, ^) the associated Gieseker stability condition 
on coh(X). The Chern character gives an injective group homomorphism ch : 
K{X) -J. i?'=™'^(X; Q). So we can regard K{X) as a subgroup of i7'=™"(X; Q), 
and write a £ K{X) as (ao, a2, £14, ag) with a2j H'^^ {X ; Q) . li E ^ X is a 
vector bundle with [E] = a then qo = rank E £ Z. 
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We will consider invariants DT" (t) , DT" (t) counting pure sheaves E of 
dimensions and 1 on X, following [TBI §6-3-§6.4]. For sheaves E of dimension 
zero ch£' = (0,0, 0,d) where d ^ 1 is the length of E. In [ini §6.3] we observe 
that for dimension sheaves the moduli scheme A4gjp*''°'''-''"(T') is independent 
of n, and is isomorphic to the Hilbert scheme Hilb'^X. Therefore ([M)) gives 

pj(o,o.o,d),„(-^/) = x(Hilb'' X, z^Hiib'' x) > for aU n e Z and d ^ 0. 

Values for x(Hilb'' X, Vjaih'^ x) were conjectured by Maulik et al. 22, Conj. 1], 
and proved by Behrend and Fantechi [31 Th. 4.12] and others. These yield a 
generating function for the pj(ofi,o,d),n^^iy^ 

Computing using ([55]) then shows that 

i?T(W(r) = -x(^) J2 J2- 

1^1, l\d 

So from dSTj-dSHl) we deduce that 

This confirms Conjecture 14.161 for dimension sheaves. It is one of several 
examples in [1^ in which the values of the P/"'"(t') are complex, the values of 
the DT°'{t) are simpler, and the values of the DT°'{t) are simpler still, which 
suggests that of the three the invariants DT" (r) are the most fundamental. 

Now let [3 G H^{X]1j) and fc G Z. In [16, §6.4] we study invariants 
^-2.(o,o,/3,fe)(^) £)Y(o,o,/3,fe)(^) counting semistable dimension 1 sheaves, that is, 
sheaves E supported on curves C in X. One expects these to be related to 
curve-counting invariants like Gromov-Witten invariants, as in the MNOP Con- 
jecture [22,23 . Here is a summary of our results: 

(a) ixr("'0''3^'=)(T),DT(0''',/3,fc)(^) are independent of the choice of (t,T,s;). 

(b) Assume Conjecture mH] holds. Then DT^Ofi,f},k) (^^-^ g ^ 

(c) For any I £ PUH^{X;Z) C Z we have DT^o,oj,k)(^^^ ^ jyj.(Q,oj,k+i) (^^^ 
and DT(o^O''3^'=)(r) = DT^^'"'^'^ (t). 

(d) Let C be an embedded rational curve in X with normal bundle 0(— 1) © 
0(-l), and 13 G H^{X;Z) be Poincare dual_to [C] G H2{X;Z). Then 
sheaves supported on C contribute 1/m^ to i7r(o^o,m/3,fe)^^-j ^ 1 and 
m I fc, and contribute to DT'~o,o,mf},k)(^^^ if m ^ 1 and m | fc. They 
contribute 1 to DT^o,o,i3,k) (^^-^^ g to DT^Ofi^'^iSM) (^^-^ if m > 1. 

(e) Let C be a nonsingular embedded curve in X of genus g ^ 1, and let (3 G 
H'^{X; Z) be Poincare dual to [C] G H2{X;Z). Then sheaves supported on 
C contribute to DT(o^o,mp,k^^<^^ jjj.(o,o,m0,k)(^^^ ah m > 1 and fc G Z. 
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Motivated by these and by Katz [T71 Conj. 2.3], we conjecture [HI Conj. 6.20]: 

Conjecture 4.17. Let X be a Calabi-Yau 3-fold over C, and (t, T, ^) a 

weak stability condition on coh{X) of Gieseker or ^-stability type. Then for 
7 G H2{X]'L) with P G H'^{X;Z) Poincare dual to 7 and all k G Z we have 
jjr].{o,o,0,k)(^^^ = 0^0(7). In particular, DT^Ofi,PM{^r) is independent of k,T. 

Here GVo(7) is the genus zero Gopakumar-Vafa invariant, given in terms of 
the genus zero Gromov-Witten invariants GWq(j) e Q of X by 

GWoh)=J2^GVo{^/m). 

m|7 

A priori we have GVo(7) G Q, but Gopakumar and Vafa fT* conjecture that the 
GVo(7) are integers, and count something meaningful in String Theory. 

5 Quivers with superpotentials 

We now summarize [THl §7], which develops an analogue of the results of [JHfor 
representations of a quiver Q with relations J coming from a superpotential W . 
In the quiver case we have no analogue of DT" (t) , DT" (t) , P I"'" (t) in glbeing 
deformation-invariant, since the proof of deformation-invariance uses the fact 
that the moduli scheme A^"t'p (''"') proper (i.e. compact), but the analogous 
moduli schemes Mf^^Q in the quiver case need not be proper. However, 
all the other important aspects of the sheaf case transfer to the quiver case. 

5.1 Background on quivers 

Here are the basic definitions in quiver theory. 

Definition 5.1. A quiver Q is a finite directed graph. That is, Q is a quadruple 
(Qo, Qi, h, t), where Qo is a finite set of vertices, Qi is a finite set of edges, and 
h,t : Qi ^ Qa are maps giving the head and tail of each edge. 

The path algebra CQ is an associative algebra over C with basis all paths of 
length k ^ 0, that is, sequences of the form 

Vq^Vi ■ ■ • ^ Vk-1 -^Vk, 

where vq, . . . , Vk G Qo, ei, . . . , Cfe G Qi, t{ai) — Vi-i and h{ai) = Vi. Multiplica- 
tion is given by composition of paths in reverse order. 

For n > 0, write CQ(„) for the vector subspace of CQ with basis all paths of 
length k ^ n. It is an ideal in CQ. A quiver with relations (Q, /) is defined to 
be a quiver Q together with a two-sided ideal / in CQ with / C CQ(2). Then 
CQ// is an associative C-algebra. 

For V G Qo, write iy G CQ for the path of length at w. The image of iy in 
CQ// is also written i^. Then 

il = iy, = if 7^ w G Qo, and ^^^q^ Zi, = 1 in CQ or CQ//. (39) 
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Write mod-CQ or mod-CQ // for the abelian categories of finite-dimensional 
left CQ or CQ//- modules, respectively. If E € mod-CQ or mod-CQ// then ([39]) 
implies a decomposition of complex vector spaces E — ^y^q^iviE). Define 

the dimension vector dimi? £ Zj" C by dim£' : v H> dmic{iyE). If 
0—i'E-^F^G^Oisa.n exact sequence in mod-CQ or mod-CQ// then 
dimF — dimi? + dimG. Hence dim induces surjective morphisms dim : 
iiro(mod-CQ) ^ Z'5o and dim : Ko{mod-CQ / 1) Z'^". 

Write X(mod-CQ) = K{mod-CQ/I) = , regarded as quotients of the 
Grothendieck groups Ko{mod-CQ),KQ{mod-CQ/I) induced by dim. Write 
C(mod-CQ) = C(mod-Cg//) = Zj«\{0},the subsets of classes in X(mod-CO), 
K{mod-CQ/I) of nonzero objects in mod-CQ, mod-CQ//. Here ^(mod-CQ), 
i^(mod-CQ//) are our substitutes for K{X) = i^""'»(coh(X)) in S]-S1 We do 
not use the numerical Grothendieck groups K'^^'^{niod-CQ), K'^'^™{mod-CQ / 1), 
as these may be zero in interesting cases. 

Definition 5.2. Let Q be a quiver. A superpotential W for Q over C is an 
element of CQ/[CQ, CQ]. The cycles in Q up to cyclic permutation form a basis 
for CQ/[CQ, CQ] over C, so we can think of Vl^ as a finite C-linear combination 
of cycles up to cyclic permutation. We call W minimal if all cycles in W have 
length at least 3. We will consider only minimal superpotentials W. 

Define / to be the two-sided ideal in CQ generated by d^W for all edges 
e S Qi, where if C is a cycle in Q, we define d^C to be the sum over all 
occurrences of the edge e in C of the path obtained by cyclically permuting C 
until e is in first position, and then deleting it. Since W is minimal, / C C(5(2), 
and {Q,I) is a quiver with relations. We allow = 0, so that / = 0. 

Here is [TH Th. 7.6], which gives an analogue of equation ([TU]) for quivers 
with superpotentials. Now pO|) depended crucially on X being a Calabi-Yau 
3-fold, which implies that coh(X) has Serre duality in dimension 3. In general 
the categories mod-CQ / 1 coming from quivers with superpotentials do not have 
Serre duality in dimension 3. However, as explained in [16^ §7.2], if (Q, /) comes 
from a quiver with superpotential then we can embed mod-CQ// as the heart 
of a t-structure in a 3-Calabi-Yau triangulated category T (which is usually 
not D^mod-CQ/ 1), and Serre duality in dimension 3 holds in T- This is why 
quivers with superpotentials are algebraic analogues of Calabi-Yau 3-folds, and 
have a version of Donaldson-Thomas theory. 

Theorem 5.3. Let Q = (Qo,Qi,h,t) be a quiver with relations I coming from 
a minimal superpotential W on Q over C. Define x '■ ^"^^ x "^^^ Z by 

m e) = EeeQ^ {d{h{e))e{t{e)) - d{t{e))e{h{e))) . (40) 

Then for any E £ mod-CQ// we have 

x(dim£),dim£;) = {dimllom{D , E) - dimExt^(D, i;)) - 
(dim llom{E, D) - dim Ext^ (i;, D)) . 
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If Q is a quiver, the moduli stack DJIq of objects E in mod-CQ is an Artin 
C-stack. For d G Z^„", the open substack 971q of E with dimi? = d has a very 
exphcit description: as a quotient C-stack we have 

K = [UeeQ, Hom(C'^«'=)),C''('^(^)))/n.eQo GL(d(t;))] . 

If {Q,I) is a quiver with relations, the moduli stack VJIqj of objects E in 
mod-CQ // is a substack of DJIq , and for d G Z^" we may write 

9«Q,/=[^Q^/n.eQoGL(dW)], (41) 

where Vg j is a closed nDSQo GL(d(i;))-invariant C-subscheme of HeeQi Horn 
^^d(t(e))^^d(/i(e))^ defined using the relations /. 

When / comes from a superpotential W, we can improve the description 
(pij) of the moduli stacks 9JIq j. Define a nueQo GL(d(i;))-invariant polynomial 

■■ IleeQi Hom ^ C 
as follows. Write W as a finite sum where 7* G C and is a cycle 

^o^""! ^ ^ ""fc'-i ^ ""o in Q- Set 

I^'^(A :eGQi) =E.7'Tr(A,.. o^^. o---oA,^). 

Then j = Crit(Vl^'*) in (gT)), so that 

m^Qj - [Crit(T4^'')/ n.eQo GL(d(«))] . (42) 

Equation ((42|) is an analogue of Theorem 14. II for categories mod-CQ// coming 
from a superpotential ly on Q. 

We define a class of stability conditions on mod-CQ//, [TSJ Ex. 4.14]. 

Example 5.4. Let {Q,I) be a quiver with relations. Let c : Qo ^ M. and 

r : Qo — > (0, 00) be maps. Define ^ : C(mod-CQ//) -> M by 

Note that J2veQo ^{^)d{v) > as r{v) > for all v G Qq, and ^ for 
all V with d{v) > for some v. Then [T5^i Ex. 4.14] shows that ^) is a 

permissible stability condition on mod-CQ, which we call slope stability. Write 
for the open C-substack of /i-semistable objects in class d in 9JTq j. 
A simple case is to take c = and r = 1, so that /i = 0. Then (0,R, ^) is a 
trivial stability condition on mod-CQ or mod-CQ//, and every nonzero object 
in mod-CQ or mod-CQ// is 0-semistable, so that Tlf^{0) = TIq j. 
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5.2 Behrend function identities, Lie algebra morphisms, 
and Donaldson— Thomas type invariants 

Let Q be a quiver with relations / coming from a minimal superpotential W 
on Q over C. We now generalize fJJlfrom coh{X) to mod-CQ//. The proof of 
Theorem 14.21 depends on two things: the description of 9Jl in terms of Crit(/) 
in Theorem 14.11 and equation pUj) . For mod-CQ/I equation provides an 
analogue of Theorem 14. 11 and Thcorem l5.3l an analogue of ([TU)) . Thus, the proof 
of Theorem O also yields ]16, Th. 7.11]: 

Theorem 5.5. In the situation above, with SOtgj the moduli stack of objects 
in a category mod-CQ / / coming from a quiver Q with superpotential W, and 
X defined in (j40p . the Behrend function j of ^Q,i satisfies the identities 
(1271) -0 for all Ei,E2e mod-CQ//. 

Here is the analogue of Definition 14.31 

Definition 5.6. Define a Lie algebra L{Q) to be the Q-vector space with basis 
of symbols A'' for d E lP° , with Lie bracket 



Lie algebra over Q. Define Q-linear maps ^^^j : SF^'}'i(aHQ,/, x, Q) ^ L{Q) and 
^QJ ■ SF'T^^iMQj) L{Q) exactly as for ^X'Q,^' in Definition US] 

The proof of Theorem 14.41 has two ingredients: equation ([TU]) and Theorem 
14.21 Theorems 15.31 and 15.51 are analogues of these for quivers with superpoten- 
tials. So the proof of Theorem l44l also yields [T6', Th. 7.14]: 



Theorem 5.7. : SF^f (9JTqj) ^ L{Q) and ^^'^ : ^Y'^{mQj,xM 



Here is the analogue of Definitions 14.51 and 14.151 

Definition 5.8. Let (/i,M, ^) be a slope stability condition on mod-CQ// as 
in Example As in tl3.21 we have elements S^silA £ SFai(9JtQ,7) and e'^{p) G 
SFi,"'^(9JlQj) for aU d £ C {mod-CQ / 1) . As in define quiver generalized 

Donaldson-Thomas invariants DTq e Q for all d G C {mod-CQ / 1) by 



where Mo : N ^ Q is the Mobius function. As for (137]) . the inverse of (|43)) is 




— > L{Q) are Lie algebra morphisms. 




(43) 



m^l, m\d 



(44) 



m^l, ra\d 
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_ If W = 0, so that mod-CQ// = mod-CQ, we write DT^{n), DT^{fi) for 
DT'l^j{p),DT'^j{ij)- Note that ^ = is allowed as a slope stability condition, 
with every object in mod-CQ// 0-semistable, and is a natural choice. So we 
have invariants Z?r^_^(0), Z)T^^(O) and DT<^[Q) , DT<^(Q) . 

Here is the analogue of the integrality conjecture, Conjecture 14. 161 

Conjecture 5.9. Call (/x,R, ^) generic if for all d, e G C [xnod-CQ / 1) with 
fJ,{d) = /i(e) we have e) = 0. // (/i,R, ^) is generic, then DTg G Z 
for all deC{iiiod-CQ/I). 

In [ini Th. 7.29] we prove Conjecture 15.91 when W = 0, using results of 
Reineke [31]. That is, if /i is generic we show DT^in) G Z for all d. In [H 
Th. 7.17] we prove an analogue of Theorem 14.61 It holds for arbitrary 
without requiring extra technical conditions as in Theorem 13. 121 

Theorem 5.10. Let (^,M, ^) and (/i,M, ^) be any two slope stability conditions 
on mod-CQ/J, and x be as in PU|) . Then for all d G C{mod-CQ/I) we have 

DT^AfL) = 

E E E (-l)l^l-V(/,r,.;M,M)-n.e,^"^Q'(^) 

iso. k:/— >C(mod-CQ//): connected, , 
Sj'Wi^c '=W='i — f'^- , • (-1)^ IX(«W.«0))I . ]-[ 

■' ■' J connected i 

^^'-^ digraphs T. edges • — >■ • in F 

vertices I 

with only finitely many nonzero terms. 
5.3 Pair invariants for quivers 

We now discuss analogues for quivers of the moduli spaces of stable pairs 
A^"t'p (r') and stable pair invariants P/"'"(t') in §4.3) and the identity psp 
in Theorem relating P/"'"(t') and the DT^{t). 

Definition 5.11. Let Q be a quiver with relations / coming from a super- 
potential W on Q over C. Suppose (/i,M, ^) is a slope stability condition on 
mod-CQ//, as in Example 15.41 

Let d, e G be dimension vectors. A framed representation {E, a) of 
{Q, 1) of type {d, e) consists of a representation E of mod-CQ// with dimi? = 
d, together with linear maps cr^ : C*^*-"-* iv{E) for all v G Qo- We call a framed 
representation (E, a) stable if 

(i) ^J.{[E']) s$ fi{[E]) for all subobjects ^ E' C E in mod-CQ//; and 

(ii) If also cr factors through E' , that is, ayiC'-''^) C iy{E') C for all 
V G Qo, then fi{[E']) < fi{[E]). 

We will use /i' to denote stability of framed representations, defined using ^. 
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Following Engel and Reineke [51 §3] or Szendroi [351 §1.2], we can in a stan- 
dard way define moduli problems for all framed representations, and for stable 
framed representations. The moduli space of all framed representations of type 
(d, e) is an Artin C-stack M^'g j with an explicit description similar to (HH), 
and the moduli space of stable framed representations of type (d, e) is a fine 
moduli C-scheme Mf^^Q [{p.'), an open C-substack of OT^'g j. 

We can now define our analogues of invariants PI°''"'{t') for quivers. 

Definition 5.12. In the situation above, define 

When W = 0, so that mod-CQ// = mod-CQ, we also write NDTQ'''{fi') = 
NDTq'j{^i'). Following Szendroi [32] we caU NDTq'j{^i'),NDTq''\^x') non- 
commutative Donaldson-Thomas invariants. 

Here (|^5|) is the analogue of (|3^ in the sheaf case. We have no analogue of 
P3p . since in general M'^^^q /(m') is not proper, and so does not have a funda- 
mental class. These quiver analogues of A^"tp'(r'), P/"'"(t') are not new, sim- 
ilar things have been studied in quiver theory by Nakajima, Reineke, Szendroi 
and other authors for some years [SlIMlTlllSllSniISS] . Here [H Th. 7.23] is the 
analogue of Theorem 14. 121 for quivers. 

Theorem 5.13. Suppose Q is a quiver with relations I coming from a minimal 
superpotential W on Q over C. Let (/i,M, ^) be a slope stability condition 
on mod-CQ //, as in Example 15.41 and x be as in (PU]) . Then for all d, e in 
C(mod-CQ//) = Z^S \ {0} C Z^», we have 

di,...,d,GC(mod-CQ//), ' i=l 

^^(X)=t{d)','^aii'i' {e-di~ H ^d,i^i,di))DT'^j{^)\ , 

with e ■ di = '^y^Q^e.(v)di(v), and DT'q NDTg'jdi') as in Definitions 
[QIIET^ When W = 0, the same equation holds for NDT^'^'ip'), DT^{n). 

For Donaldson-Thomas invariants in [21 we regarded the invariants DT"' (r) , 
DT°'{t) as our primary objects of study, and the pair invariants PI°''^{t') as 
secondary, not of that much interest in themselves. In contrast, in the quiver lit- 
erature to date the invariants DT^ j{fi), DT^{^i) and DT'^j{p), DT'^{^jl) have 
not been seriously considered even in the stable = semistable case, and the ana- 
logues NDTqj{h'), NDTq'''{ii') of pair invariants PI°''" {t') have been the cen- 
tral object of study. 

We argue that the invariants DTq /(/i), . . . , DT'q{^) should actually be re- 
garded as more fundamental and more interesting than the NDTq'J{ii'). By 
(|46l) the NDT^'Kfi') can be written in terms of the DT^ j{fi), and hence by 
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in terms of the DTq so the pair invariants contain no more informa- 
tion. The DTq j{ii) are simpler than the NDTqj{h') as they depend only on 
d rather than on d, e. In examples in |16[ §7.5-§7.6] we find that the values of 
the DTq j {jj) and especially of the DTq j (/i) may be much simpler and more 
illuminating than the values of the NDT^-J{fj,'), as in (gZll-dini) below. 
Here is an example taken from [111 §7-5.2]. 

Example 5.14. Following Szendroi [311 §2-1], let Q — {Qo,Qi,h,t) have two 
vertices Qq — {uq, ^i} and edges ei, 62 : wo v\ and /i, /2 : wi — > wo: as below: 




Define a superpotential W ow- Q \iY W — 61/162/2 — 61/262/1, and let / be 
the associated relations. Then mod-CQ// is a 3-Calabi-Yau abelian category. 
Theorem 15.31 shows that the Euler form x 011 mod-CQ //is zero. 

Write elements d of C (mod-CQ/ J) as (doj^i) where = d{vj). Szendroi 
|32[ Th. 2.7.1] computed the noncommutative Donaldson-Thomas invariants 
^£,2.^do,di),(i,o)(-o') for mod-CQ// as combinatorial sums, and using work of 
Young [31] wrote their generating function as a product [331 Th. 2.7.2], giving 



1+ NDT^J''''>'^^^°\0')q^°q'l' 
(o,o)#(<io,di)eN2 

Computing using (j46|l and (|47|) shows that 



(47) 



DT 



QJ 





-2 




1 






1 










(l44l) and 


m 



/^l, l\d 



do — di — d ^ 1, 

do = kl, di = {k- 1)1, k,l^l, 

do = kl, di^{k + 1)1, k^O, 1^1, 
otherwise. 



(48) 



DT'^Q'f"{0) = 




(do,rfi) = ik,k), k^l, 
{do,di)^{k,k-l), k^l, 
{do,d,) = ik-l,k), k^l, 
otherwise. 



(49) 



Note that the values of the DT)^Y''{0) in (|49|) lie in Z, as in Conjecture [5J 



and are far simpler than those of the NDT^''j''^''''^^'°\o') in (|47|. 
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This example is connected to Donaldson-Thomas theory for (noncompact) 
Calabi-Yau 3-folds as follows. We have equivalences of derived categories 

D\n^oA-<CQ/I) ^ D\coKs{X)) ~ D\coKs{X+)). (50) 

where tt : X ^ Y and ti+ : X+ — > Y are the two crepant resolutions of the 
conifold Y = {(zi, Z2, 2:3, 2:4) G : + • • • + zl = O}, and X,Xj^ are related 
by a flop. Here X, Xj^ are regarded as 'commutative' crepant resolutions of 
Y, and mod-CQ// as a 'noncommutative' resolution of Y, in the sense that 
mod-CQ// can be regarded as the coherent sheaves on the 'noncommutative 
scheme' Spec(C(3//) constructed from the noncommutative C-algebra CQ/I. 

One idea in [32] is that counting invariants N DTq^j{^') for mod-CQ/^ 
should be related to Donaldson-Thomas type invariants counting sheaves on 
X, X^ by some kind of wall-crossing formula under change of stability condi- 
tion in the derived categories, using the equivalences ([50)1. This picture has 
been worked out further by Nagao and Nakajima [25]l25]. In (THl §7.5.2] we 
show that in this case the situation for invariants DTq DTq is actu- 
ally much simpler, because they are unchanged by wall-crossing as x = 0, so 
we can identify the invariants DT'^ j{n),DT^ j{p) in (gSJ-dini) directly with 
Donaldson-Thomas invariants for X and 
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